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Abstract
We report an enhancement of the decay rate of the survival probability when non-
local initial conditions in position space are considered in the Quantum Walk on
the line. It is shown how this interference effect can be understood analytically by
using previously derived results. Within a restricted position subspace, the enhanced
decay is correlated with a maximum asymptotic entanglement level while the normal
decay rate corresponds to initial relative phases associated to a minimum level.
Key words: non-local effects, quantum walk, survival probability, entanglement
PACS: 03.67.Mn, 89.70.+c, 89.75.Hc
1 Introduction
The best known algorithms to solve “hard” (NP-complete) problems are based
on the random walk (RW) [1]. This fact has motivated a strong interest in the
quantum version of this process, the quantum walk (QW) [2], since it was
originally proposed by Aharonov, Davidovich and Zagury [3]. The QW is a
faster process than the RW [4,5] and optimal quantum search algorithms have
been based on it [6]. In the discrete-time QW on a line, the coin-flipping
operation of the RW is replaced by a unitary operation on a coin degree of
freedom, encoded in one qubit. The Hilbert space,H = HP ⊗HC , is composed
of a spatial subspace, HP , spanned by the orthonormal set {|x〉} where the
integers x = 0,±1,±2 . . . label discrete positions on the line and HC is a
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single-qubit coin space, spanned by two orthonormal vectors {|R〉, |L〉}. A
generic state for the walker is
|Ψ〉 =
∞∑
x=−∞
[ax|R〉+ bx|L〉]⊗ |x〉. (1)
One step of the quantum walker, |Ψ(t + 1)〉 = U |Ψ(t)〉, consists of a unitary
operation on HC followed by a conditional translation on the line,
U =
[
∞∑
x=−∞
|x+ 1〉〈x| ⊗ |R〉〈R|+ |x− 1〉〈x| ⊗ |L〉〈L|
]
· (IP ⊗H) , (2)
where IP is the identity operator inHP . We particularize the unitary operation
applied on the coin subspace to a Hadamard operation,H|R〉 = (|R〉+ |L〉) /√2
and H|L〉 = (|R〉 − |L〉) /√2. For this particular unbiased coin, the QW is
known as a Hadamard walk. The evolution of an initial state |Ψ(0)〉 is given
by |Ψ(t)〉 = U t|Ψ(0)〉, where the non-negative integer t counts the discrete
time steps that have been taken. The probability distribution for finding the
walker at site x at time t is P (x, t) = |ax|2 + |bx|2. The variance of this distri-
bution increases quadratically with time as opposed to the classical random
walk in one dimension, in which the increase is only linear. This advantage in
the spread of the quantum walker depends strictly on quantum interference
effects and is eventually lost in the presence of decoherence [7].
Most previous work on the subject has focused on the properties of the proba-
bility distribution P (x, t) when the quantum walker is initially localized at the
origin, i.e. ax = bx = 0 in eq. (1), unless x = 0. In this work, we consider the
impact of non-local initial conditions on two different aspects of the QW: the
decay of the survival probability and the level of asymptotic entanglement.
2 Survival Probability
The survival probability of a quantum walk in a symmetric range [−s, s] of
the line (s a non-negative integer) is
Psurv(t) =
s∑
j=−s
Pj(t). (3)
We shall consider initial conditions for which Psurv(0) = 1. Then, the decay of
this quantity reflects how fast the walker leaves the region where it is initially
located. For a classical random walk, the corresponding quantity decays as
t−1/2. For a quantum walk initialized at a single site with arbitrary coin, the
survival probability decays faster than in the classical case, namely as t−1. We
will refer to this decay as the normal decay of the quantum walk. However,
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Fig. 1. Left panel: Survival probability for the quantum walk for non-local initial
conditions corresponding to k = 1 in eq. (4). The different decay rates for |Ψ−〉 (thin
line) and |Ψ+〉 (thick line) are shown. Right panel: Probability profile after 1000
steps for the same initial conditions. The profile for |Ψ−〉 (thin line) is associated to
normal decay. The one corresponding to |Ψ+〉 (thick line) shows higher peaks and
corresponds to enhanced decay.
if non–local initial conditions are considered, we show that the relative phase
between the initial position eigenstates can be chosen so that the decay rate
of the survival probability is considerably faster than the normal rate, namely
t−3. We refer to this case as an enhanced decay.
Consider the non-local initial conditions of the form
|Ψ±〉 = 1
2
(|L〉+ i|R〉)⊗ (| − k〉 ± |k〉) (4)
for a positive integer k ≤ s, so that Psurv(0) = 1.
In both cases, only sites x = ±k are initially occupied, but with different
phase relation. As shown in the left panel of Figure 1, the decay rate of the
survival probability is different in both cases. For |Ψ+〉 the survival probability
decays as t−3 (enhanced decay), while for |Ψ−〉 the decay goes as t−1, as for
the case local initial conditions (normal decay). The probability distributions
after 1000 steps corresponding to both initial states in eq. (4) are shown in
the right panel of Fig. 1.
This behavior of the survival probability is due to an interference effect that
can be understood by considering the general expression for the probability
distribution, derived previously in [8]. From eq. (28) in that work, which we
specialize for the case of a Hadamard walk, we have
Px(t) =
∑
y,y′
(−1)(y+y′)
[
ay(0)a
∗
y′(0) + by(0)b
∗
y′(0)
]
Jx−y(t/
√
2)Jx−y′(t/
√
2), (5)
where Jν(τ) is a cylindrical Bessel function of integer order, τ = t/
√
2 and
x, y, y′ are integers. This expression, when applied to a particle initially local-
ized at the origin, with a wavevector according to eq. (4) with (k = 0), implies
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that the survival probability at the origin (s = 0) asymptotically decays as
Psurv(t) = P0(t) = J
2
0 (t/
√
2) ∼ t−1 as t→∞, i.e. a normal decay rate.
We now assume an initially delocalized particle with the initial states defined
in eq. (4). Then, eq. (5) reduces to
P±x (t) =
1
2
[Jx+k(τ)± Jx−k(τ)]2 . (6)
In order to assess the effect of the relative phase between the position eigen-
states in eq. (4), it suffices to consider the particular case k = 1. Using the
elementary recurrence relation for Bessel functions, the asymptotic (i.e. long
time) form of eq. (6) for the case |Ψ+〉
P+x (t) =
1
2
[Jx+1(τ) + Jx−1(τ)]
2 = 2x2
[
Jx(τ)
τ
]2
∼ 1
t3
for t≫ 1 (7)
is obtained. This implies an anomalous decay for this initial condition.
On the other hand when the initial condition is |Ψ−〉, the probability distri-
bution, eq. (6), has the asymptotic form
P−x (t) =
1
2
[Jx+1(τ)− Jx−1(τ)]2 = 2
[
xJx(τ)
τ
− Jx−1(τ)
]2
∼ 1
t
for t≫ 1
(8)
and a normal decay results. This simple analysis can be extended to any non-
local initial condition of the form (4) with sites ±k initially occupied. The
results are the same for all odd k. If even sites are occupied, the roles of
|Ψ±〉 are interchanged: for even k, |Ψ+〉 results in normal decay and |Ψ−〉 in
enhanced decay.
3 Conclusions
The normal asymptotic decay of the survival probability for the quantum walk
on the line with localized initial conditions in position space, is t−1. However,
if non-local initial conditions with the adequate relative phases are considered,
en enhanced decay rate t−3 can be obtained. The relative phase required for
enhanced decay depends on the parity of the initially loaded sites k and −k.
It is essentially an interference phenomenon and can be understood using
previous analytical results for the quantum walk. As an example, we analyse
in detail the case of two initial superpositions of the position eigenstates |±1〉.
On the other hand, we have recently established analytically [9] that the
asymptotic entanglement level between the coin an position degrees of free-
dom, is SE = 0.872 . . . for all localized initial conditions. In order to quantify
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entanglement, the von Neumman entropy of the reduced density matrix, SE ,
was used. If non-local initial states are considered, any entanglement level may
be obtained. In particular, for initial conditions restricted to the position sub-
space spanned by | ± 1〉, the initial state |Ψ+〉 produces the maximum level of
entanglement, SE = 0.979 . . . and the initial state |Ψ−〉 produces the minimum
possible entanglement of SE = 0.661 . . .. Other relative phases produce inter-
mediate entanglement levels, as described in detail in [9]. These results suggest
that a connexion may exist between the asymptotic entanglement level and
the asymptotic decay rate for the survival probability, in the sense that full
asymptotic entanglement seems to be associated with the enhanced decay and
in both cases non-local initial conditions are a necessary condition. Further
work is required to clarify this connexion.
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